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ABSTRACT
Many statistical properties of X-ray aperiodic variability from accreting compact ob-
jects can be explained by the propagating fluctuations model applied to the accretion
disc. The mass accretion rate fluctuations originate from variability of viscosity, which
arises at every radius and causes local fluctuations of the density. The fluctuations dif-
fuse through the disc and result in local variability of the mass accretion rate, which
modulates the X-ray flux from the inner disc in the case of black holes, or from the
surface in the case of neutron stars. A key role in the theoretical explanation of fast
variability belongs to the description of the diffusion process. The propagation and evo-
lution of the fluctuations is described by the diffusion equation, which can be solved by
the method of Green functions. We implement Green functions in order to accurately
describe the propagation of fluctuations in the disc. For the first time we consider
both forward and backward propagation. We show that (i) viscous diffusion efficiently
suppress variability at time scales shorter than the viscous time, (ii) local fluctuations
of viscosity affect the mass accretion rate variability both in the inner and the outer
parts of accretion disc, (iii) propagating fluctuations give rise not only to hard time
lags as previously shown, but also produce soft lags at high frequency similar to those
routinely attributed to reprocessing, (iv) deviation from the linear rms-flux relation is
predicted for the case of very large initial perturbations. Our model naturally predicts
bumpy power spectra.
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1 INTRODUCTION
Accreting black holes (BH) in active galactic nuclei (AGN)
and BH binaries as well as neutron star (NS) binaries show
strong variability of the X-ray flux over a very broad (sev-
eral decades) frequency range: the time scale extends down
to milliseconds in binary systems and minutes in AGN
(Revnivtsev et al. 2000; McHardy et al. 2004). The broad
band component of the power density spectrum (PDS) is
generally well described by a twice-broken power-law. In
the case of some BH binaries, the PDS displays a narrow
feature peaking in the range ∼ 0.1 − 10 Hzs indicated as
quasi-periodic oscillations (QPOs). Light curves both in BH
and NS systems show a log-normal flux distribution and a
linear relationship between the root-mean square (rms) vari-
ability and the luminosity of the source (Uttley & McHardy
2001; Negoro & Mineshige 2002; Uttley 2004; Gaskell 2004;
Uttley et al. 2005).
The light curves in different energy bands are corre-
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lated with each other, but the hard X-ray variability usu-
ally lags the soft X-ray variability (Priedhorsky et al. 1979;
Nolan et al. 1981). The magnitude of the time-lag depends
on frequency, but typically it is of order of 1 per cent of
the variability time scale. Some sources show negative time-
lags, with the soft-band variability lagging the hard-band
variability (McHardy et al. 2007; Emmanoulopoulos et al.
2011; De Marco et al. 2013). This type of behavior has been
detected in both supermassive and stellar mass BH. The
cross-correlation function between any two energy bands
peaks at zero lag (Maccarone et al. 2000; Poutanen 2001),
and emission from different energy bands is coherent at
low frequencies and incoherent at relatively high frequencies
(Nowak et al. 1999). It is interesting that the same features
are observed in the case of accreting non-magnetized white
dwarfs (Scaringi et al. 2013) and even young stellar objects
(Scaringi et al. 2016).
The observed variability is naturally explained by the
propagating fluctuations model (Lyubarskii 1997), in which
fluctuations arise at different radial coordinates of the ac-
cretion disc and then propagate towards the central object.
c© 2017 The Authors
ar
X
iv
:1
70
7.
07
57
8v
2 
 [a
str
o-
ph
.H
E]
  2
0 N
ov
 20
17
2 A. A. Mushtukov et al.
Different time scales are injected into the accretion flow at
different distances from the central object (Lyubarskii 1997;
Churazov et al. 2001; Ingram 2015). More specifically, the
initial perturbations of viscosity lead to perturbations of the
local mass accretion rate and surface density. The pertur-
bations propagate through the accretion disc and cause lo-
cal variability of the mass accretion rate at all radii. The
variability of the local mass accretion rate leads to photon
flux variability observed from different parts of the accretion
disc. The propagating fluctuations model naturally explains
the lagging of hard X-ray variability (Kotov et al. 2001; In-
gram & van der Klis 2013). Simplified Green functions were
used for propagating fluctuations modeling of aperiodic X-
ray variability by Lyubarskii (1997) and Kotov et al. (2001),
where the fluctuations were assumed to be additive. Multi-
plicative fluctuations in the accretion disc were considered
by Ingram & van der Klis (2013) and Ingram & Done (2011)
but in all cases only inward propagation was considered.
In the case of accretion onto magnetized NSs the ac-
cretion disc is disrupted at the magnetospheric boundary,
which is much larger than the NS radius. From the mag-
netospheric radius, matter follows the magnetic field lines
and reaches the NS surface in small regions located at the
magnetic poles, where most of the kinetic energy is released
in the form of X-rays. The mass accretion rate variability
produced in the accretion disc results in mass accretion rate
variability at the magnetospheric radius producing variabil-
ity of the final X-ray flux (Revnivtsev et al. 2009). Thus, the
basic physical processes of generating mass accretion rate
fluctuations and their evolution in the accretion disc that
can be diagnosed by the X-ray flux variability are similar
for BH and NS X-ray binaries (XRB).
Accretion onto weakly magnetized NSs results in a
boundary layer between the accretion disc and NS surface,
where a significant fraction of total X-ray flux is produced
(Inogamov & Sunyaev 2010). The variability in this case is
strongly affected by processes within the boundary layer,
which is beyond the scope of this paper.
The propagating mass accretion rate fluctuations are
determined by the geometry of the accretion disc and the
physical conditions in the disc (in particular local viscosity
and geometrical thickness). On the other hand, the propa-
gating fluctuations can influence the general features of ac-
cretion disc such us, under certain conditions, its stability
(see e.g. Janiuk & Misra 2012).
In order to explain the fast variability of accreting BHs
and NSs it is necessary to precisely describe the processes
of generation and subsequent propagation of fluctuations in
the accretion disc. In this paper we focus on the propaga-
tion of fluctuations by viscous diffusion. The propagation
of mass accretion rate fluctuations can be described by the
diffusion equation written under specific assumptions about
the accretion disc structure. In some cases the solution of
the diffusion equation can be simplified and obtained in the
form of Green functions (Lynden-Bell & Pringle 1974). In
general the diffusion equation has to be solved numerically
(Malanchev & Shakura 2015).
The key principles of the construction of a Green func-
tion for the diffusion equation of disc accretion was formu-
lated by Lu¨st (1952). The specific Green functions obtained
so far in the literature were obtained for the case of a New-
tonian potential and various sets of initial assumptions en-
coded in boundary conditions. (i) The Green function for
the case of an infinite accretion disc with the inner radius
located at Rin = 0 was derived by Lynden-Bell & Pringle
(1974). Pringle (1991) discussed disks with a central source
of angular momentum. (ii) The Green functions for the case
of nonzero inner radius but infinite outer radius Rout were
found by Tanaka (2011). This particular Green function can
be useful for the description of accretion discs around mag-
netized sources, where the inner disc radius is defined to be
the size of magnetosphere. (iii) The evolution of accretion
discs with fixed outer radius was discussed by King & Ritter
(1998) and Lipunova (2015). The same problem was solved
numerically by Zdziarski et al. (2009) and a particular case
was discussed by Wood et al. (2001).
In this paper we discuss how Green functions can be
included in the model in order to describe propagation of
fluctuations of mass accretion rate through the accretion
disc, which is assumed to be radiatively effective (i.e. most
of the viscously dissipated energy is radiated locally). For
the first time we consider the exact description of the dif-
fusion process in application to propagating mass accretion
rate fluctuations. This description requires propagation of
the fluctuations not only inwards but also outwards, which
has not been considered before. We describe how the result-
ing aperiodic X-ray flux variability in different energy bands
is affected by diffusion processes. We reproduce the basic
features of propagating mass accretion rate fluctuations dis-
cussed earlier in literature and get the basic relations as a
limiting cases of our general approach. At the same time
we show that the accurate description of the diffusion pro-
cess implies features that have not been expected before: we
show that high frequency mass accretion rate variability at
larger radii lags the variability at smaller radii under certain
conditions. It leads to important conclusions on the nature
of soft lags observed in supermassive and stellar mass BHs.
For the first time we consider the possibility of interactions
between fluctuations. Our numerical results use the Linden-
Bell/Pringle Green function (Lynden-Bell & Pringle 1974),
but the developed formalism allows the use of any appro-
priate Green function. Though the Green functions we use
are constructed for flat space time, it is possible to get basic
features arising from a detailed description of propagation
fluctuation process. The results are mainly addressed to BH
XRBs, but the technique we apply is applicable to accreting
magnetized NS binaries.
2 VISCOUS DIFFUSION IN AN ACCRETION
DISC
2.1 The equation of viscous diffusion
We consider a thin Keplerian accretion disc with geometrical
thickness H much smaller than the radial scale R: H  R.
The gravitational potential is given by
φN = −GM
R
, (1)
where M is a mass of a central object. The Keplerian angular
velocity is ΩK =
√
GM/R3. Differential rotation and viscous
stress lead to an angular momentum exchange between ad-
jacent rings. As a result, angular momentum is transported
outwards.
MNRAS 000, 1–20 (2017)
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The viscous force is dissipative and the work it does on
adjacent rings goes into heat. The viscous stress trϕ is de-
fined as the viscous force per unit area. It is proportional to
the shear and can be written as trϕ = ηRdΩK/dR, where
the coefficient of proportionality η is called dynamic viscos-
ity. The kinematic viscosity is defines as ν = η/ρ, where ρ
is local mass density.
The evolution of the disc surface density due to viscous
processes is described by the diffusion equation, which can
be obtained from the laws of conservation of energy and
momentum (e.g. Frank et al. 2002):
∂Σ(R, t)
∂t
=
1
R
∂
∂R
[
R1/2
∂
∂R
(
3νΣR1/2
)]
, (2)
where Σ is the surface density and t is time. The kinematic
viscosity ν has the meaning of a diffusion coefficient. It has
to be mentioned that the evolution of the surface density is
expected to be described by diffusion process on sufficiently
long time scales only. On very short time scales the vari-
ability is defined by other processes including propagation
of sound and magnetohydrodynamic (MHD) waves.
According to the α-prescription (Shakura 1972; Shakura
& Sunyaev 1973) the viscous stress is described by trϕ = αP ,
where P is the gas pressure in the disc and α < 1 is a
numerical factor. 1 It is equivalent to the prescription
ν =
2
3
αcsH =
2
3
αc2s
ΩK
, (3)
where cs = (P/ρ)
1/2 is the local isothermal sound speed.
The diffusion equation (2) can be simplified by using
specific angular momentum h = (GMR)1/2 as a variable
instead of R. Then the equation is reduced to (Lynden-Bell
& Pringle 1974)
∂Σ
∂t
= DN(h,M)
∂2 (hνΣ)
∂h2
, DN(h,M) =
3
4
(GM)2
h3
. (4)
2.2 Green function
In general the diffusion equation is not linear because the
kinematic viscosity ν can be a function of local physical
conditions (for example, surface density or local tempera-
ture). But if this is not the case and the kinematic viscosity
is a function of radius only, the diffusion equations (2) and
(4) are linear and can be solved by using the Green func-
tion method (Lu¨st 1952). Then the solution of the diffusion
equation is given by
Σ(R, t) =
Rout∫
Rin
G(R,R′, t− t0)Σ(R′, t0)dR′, (5)
where G(R,R′, t) is a Green function, Σ(R, t0) is the surface
density distribution over the radial coordinate R at t = t0,
1 The total pressure in the accretion disc is composed of gas pres-
sure and radiation pressure. If the viscous stress is parameterised
by total pressure dominated by radiation pressure, the disc is lo-
cally unstable (Lightman & Eardley 1974). However, if the stress
is due to magnetic turbulence it scales with gas pressure alone
(Sakimoto & Coroniti 1989).
and Rin and Rout are inner and outer disc radius respec-
tively. The Green function is defined by the kinematic vis-
cosity ν(R), the inner and outer disc radii and the boundary
conditions there.
The local mass accretion rate is defined by the sur-
face density and radial velocity of accretion vR: M˙(R, t) =
2piRΣ(R, t)vR. It can be also expressed as a function of sur-
face density and viscosity:
M˙(R, t) = 6piR1/2
∂
∂R
(
νΣ(R, t)R1/2
)
. (6)
If the kinematic viscosity is given by a power law ν ∝ Rn
the mass accretion rate M˙(R, t) ∝ R1/2 ∂
∂R
(
Σ(R, t)Rn+1/2
)
and can be represented by Green functions as well:
M˙(R, t) =
Rout∫
Rin
GM˙ (R,R
′, t− t0)Σ(R′, t0)dR′, (7)
where GM˙ (R,R
′, t) is a Green function for the mass accre-
tion rate. If the initial surface density fluctuations on top
of the diffusion process are described by Σ∗(R, t), then the
resulting fluctuations of the mass accretion rate are given by
a convolution (Lyubarskii 1997):
M˙(R, t) =
Rout∫
Rin
GM˙ (R,R
′, t)⊗t ∂Σ
∗(R′, t)
∂t
dR′ (8)
(⊗x is sing of convolution in x-variable). According to (6)
the Green function for the mass accretion rate GM˙ (R,R
′, t)
is
GM˙ (R,R
′, t) = 6piR1/2
∂
∂R
(
νG(R,R′, t)R1/2
)
. (9)
If the kinematic viscosity does not depend on time and
is given by
ν = ν0(R/R0)
n, (10)
where n ∈ (0; 2) is a model parameter, the solution of the dif-
ferential equation simplifies significantly. The corresponding
Green functions for the surface density were found for a few
particular cases (see Lynden-Bell & Pringle 1974; Tanaka
2011; Lipunova 2015). The typical time scale of processes in
the accretion disc which arise out of viscous diffusion is the
viscous time scale
tv(R) ≈ 2R
2
3ν(R)
. (11)
If the kinematic viscosity is described by equation (10) the
viscous time scale tv ∝ R2−n. It is useful to introduce the
corresponding viscous frequency
fv(R) ≡ 1
tv(R)
. (12)
In case of viscosity prescription given by (10) the viscous
frequency fv ∝ Rn−2.
If the viscosity in the accretion disc is described by
constant α-parameter, it puts constraints on the power-
law index n in the description of kinematic viscosity (10).
According to equation (3) the kinematic viscosity can be
represented as ν = αΩKR
2(H/R)2. If the gas pressure
and Kramer opacity dominate in the accretion disc, then
(H/R) ∝ R1/8 (Suleimanov et al. 2007). As a result, the
MNRAS 000, 1–20 (2017)
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kinematic viscosity ν ∝ R3/4 and therefore n = 3/4 for the
case of constant α-parameter (although we note that there
is no a priori reason to assume constant α). The viscous fre-
quency is related to the Keplerian frequency fK = ΩK/(2pi)
as
fv(R) = 3piαfK(R)
(
H(R)
R
)2
. (13)
2.3 Lynden-Bell/Pringle Green functions
For the case of Rin = 0 and Rout = ∞ the Green function
for the surface density was found by Lynden-Bell & Pringle
(1974). The Green function is given by
G(R,R′, τ) =
1
2(2− n)τ
−1R−1c
(
R′
Rc
)1−n(
R′
R
)n+1/4
× exp
[
−2l
2
τ
((
R′
Rc
)2−n
+
(
R
Rc
)2−n)]
×Il
(
4l2
τ
(
RR′
R2c
) 2−n
2
)
, (14)
where τ = t/tv is time measured in units of viscous time
at fiducial radius Rc, Iν is a modified Bessel function of the
first kind and l = (4− 2n)−1.
According to equation (9), the Green function for the
mass accretion rate is
GM˙ (R,R
′, τ) = 6piν0l
2τ−2R
3−2n
4 R′
9−2n
4 R2n−2c
× exp
[
−2l
2
τ
((
R′
Rc
)2−n
+
(
R
Rc
)2−n)]
×
{
Il−1 (ψ)− Il (ψ)
(
R
R′
)1−n/2}
, (15)
where
ψ =
4l2
τ
(
RR′
R2c
) 2−n
2
.
It is interesting to note a symmetry property of the mass
accretion rate Green function:
GM˙ (R,R
′, τ) = a1−nGM˙ (aR, aR
′, a2−nτ), (16)
where a is an arbitrary constant.
If the argument of the Bessel functions in (15) is small
enough, which is the case at sufficiently large τ :
τ  4l2
(
max(R,R′)
Rc
)2−n
= 4l2
max(tv(R), tv(R
′))
tv(Rc)
,
one can use the approximation:
GM˙ (R,R
′, τ) ≈ 6piν0l2R
3−2n
4 R′
9−2n
4 R2n−2c
×τ
−(l+1)
Γ(l)
[
2l2
(
RR′
R2c
)1−n/2]l−1
, (17)
where Γ(x) is the gamma function.
According to (15) the mass accretion rate caused by
surface density concentrated at R′ at t = 0 is positive in the
inner disc region (R < R′). In the outer regions (R > R′)
the Green function (15) gives a negative mass accretion rate
at first, 2 which takes away the angular momentum of the
inner parts of the disc. However, after a sufficiently long time
the mass accretion rate at a given radius R > R′ becomes
positive. The change of sign of the mass accretion rate hap-
pens at approximately the viscous time scale corresponding
to the radius R (see Appendix A).
2.4 Green function for truncated disc with given
inner radius
In a more general case with inner radius Rin (Tanaka 2011),
zero torque at Rin and Rout = ∞ the Green functions are
given by
G(R,R′, t) =
(
1− n
2
)
R−n−1/4R′5/4Rn−2in (18)
×
∞∫
0
[Jl(kx)Yl(k)− Yl(kx)Jl(k)][Jl(kx′)Yl(k)− Yl(kx′)Jl(k)]
×(J2l (k) + Y 2l (k))−1
× exp
[
−2 (1− n
2
)2
k2 t
tv, in
]
kdk,
where x = (R/Rin)
1−n/2, tv, in = 23R
2
in/ν(Rin) is local vis-
cous time at the inner disc radius and Jl(x) and Yl(x) are
the Bessel functions of the first and second kind. The corre-
sponding Green function for the mass accretion rate can be
found according to equation (9).
The Green functions for the case of Rin = 0 and Rout <
∞ were found by Lipunova (2015).
The exact boundary conditions affect the typical time
scales in the accretion disc (see Appendix A). The influ-
ence of advanced Green functions (with boundary conditions
given at arbitrary radial coordinates and derived under the
assumption of non-Newtonian gravitational potential) will
be explored in further works.
3 EXPLORING PROPERTIES OF THE GREEN
FUNCTION
In this section, we explore the properties of the Lynden-Bell
& Pringle Green function introduced in the previous Section.
The properties of a more general Green function (for the case
of given inner or outer radius) are qualitatively similar.
3.1 Time domain
The Green function of the surface density in the time do-
main G(R,R′, t) describes the evolution of the surface den-
sity given initially by a δ-function at radial coordinate R′:
Σ(R, t = 0) = δ(R − R′). The viscous force produces an
angular momentum exchange between adjacent rings, such
that the fast inner rings pass their angular momentum
to slower outer rings. As a result, a part of the material
accretes inwards losing angular momentum while another
part moves outwards carrying out angular momentum. This
process leads to spreading of an initially narrow ring (see
Fig. 1a). The corresponding evolution of the mass accretion
2 Negative mass accretion rate (i.e. mass transfer from smaller
to larger radii) is to be understood as the disturbance on top of
a, typically larger, positive average mass accretion rate M˙0, i.e.,
one resulting in a smaller, but still positive, mass accretion rate.
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Figure 1. Evolution of (a) surface density Σ and (b) local mass accretion rate M˙ . The inner radius of the disc is taken to be Rin = 0,
the surface density at t = 0 is given by δ-function at R′ = 10. Different curves are given for various time intervals measured in viscous
time at radial coordinate R = 1 (τ ≡ t/tν(R = 1)): τ = 0.002, 0.01 and 0.05. It is clearly seen that fluctuations of the surface density
and mass accretion rate propagate inwards and outwards. Parameter n = 1.
0
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a n=1
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M.
(R
,t
)
t/tv(R=1)
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-0.5
0
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b
n=1
R=50
R’=10
M.
(R
,t
)
t/tv(R=1)
Figure 2. The mass accretion rate caused by viscous diffusion of infinitely thin ring, which surface density at t = 0 is given by δ-function
located at R′ = 10, as a function of dimensionless time (a) at radius R = 1 and (b) at radius R = 50. The inner disc radius is taken
at Rin = 0. At radius R = 50, which outside radius R
′ = 10, the mass accretion rate is negative initially, but it becomes positive after
sufficiently large time. Parameter n = 1.
rate is given by the Green function for the mass accretion
rate GM˙ (R,R
′, t) (see Fig. 1b). Spreading of the initial ring
is manifested initially by a positive mass accretion rate at
R < R′ (see Fig. 2a) and a negative mass accretion rate at
R > R′ (see Fig. 2b). The radial coordinate where the mass
accretion rate changes its sign moves outwards with time,
which means that the angular momentum is picked up fi-
nally by a small fraction of the material, while most of it
accretes onto the central object (see Fig. 3).
We apply Green functions in order to describe the evo-
lution of fluctiations arising on top of the average accretion
flow. Therefore, the negative mass accretion rates predicted
by the Green functions results only in lower mass accre-
tion rate at certain regions of the accretion disc, rather than
genuinely negative accretion rates. 3 The diffusion of a per-
turbation requires transfer of angular momentum from the
inner parts of the disc to its outer parts. The extra angular
3 Note that we consider the case of linear equation of viscous
diffusion.
-12
-10
-8
-6
-4
-2
0
2
4
6
8
10-2 10-1 100 101 102 103 104 105 106
n=1
R=50
R’=10
M.
(R
,t
)*
t/
t v
t/tv(R=1)
Figure 3. The mass accretion rate caused by surface density
perturbation at R′ = 10 at t = 0 as a function of dimensionless
time at radius R = 50. The inner disc radius is taken at Rin = 0.
One can see that almost all material accretes inside after sufficient
amount of time. Parameter n = 1.
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momentum supplied from the inner parts of the disc slightly
slows down the local accretion process and results in lower
mass accretion rate.
3.2 Frequency domain
The evolution of mass accretion rate in the time domain is
described by convolution of the Green function and the ini-
tial fluctuations of the surface density (8). The convolution
turns to production in the frequency domain, which simpli-
fies the problem. It makes the properties of Green functions
in the frequency domain essentially important.
The Green function in the frequency domain is obtained
by the Fourtier transform
GM˙ (R,R
′, f) =
∞∫
−∞
dxGM˙ (R,R
′, x) e−2piifx. (19)
The obtained Green function shapes variability that origi-
nated from radius R′, at given radius R.
The qualitative behavior of the Green function in the
frequency domain is different for perturbations propagating
initially inwards (R < R′) and outwards (R > R′).
In the case of inwards propagation, the absolute value of
the Green function is |GM˙ | ≈ 1 for frequencies much lower
that the local viscous frequency fv(R), and is suppressed
for frequencies above fv(R) (see Fig. 4 left). It results in
suppression of high frequency variability originating from
distant outer radii. The suppression at high frequencies de-
pends on the separation between radial coordinates of initial
and final fluctuations (R′ and R): the larger the separation,
the stronger Green function suppression. The suppression is
different for different viscosity prescriptions given by the pa-
rameter n: the lower n is, the larger the range of viscous time
scales over the radial coordinates in the disc is, the stronger
the suppression of the Green function (see Fig. 5 left).
In the case of fluctuations propagating outwards (R >
R′) the absolute value of the Green function |GM˙ | is sup-
pressed at high frequencies and at low frequencies, reaching
its maximum at frequency close to local viscous frequency
fv(R
′) (see Fig. 4 right). This property is caused by the fact
that initially negative mass accretion rate at R > R′ turns
to zero after a while and becomes positive on a sufficiently
long timescale. The typical timescale of this process is close
to the local viscous time scale (see Appendix A), which re-
sults in maximum of the |GM˙ | being at fv(R′) (see Fig, 5
right).
The absolute value of the Green function for outwards
propagation at its maximum can be comparable to that for
inward propagation (see Fig. 6). In this case the influence of
the inner parts of the accretion disc on the local mass accre-
tion rate variability can dominate over the influence of the
outer parts of the disc. However, the influence of inner disc
applies only to the closest radial coordinates and strongly is
suppressed for distant outer regions (see Fig. 4 right).
In Fig. 7, we plot the phase angle in radians of the Green
function for two values of n. For low frequencies (f << fv),
we see that M˙(R < R′, t) lags behind M˙(R = R′, t),
which simply represents the inwards propagation of the den-
sity perturbation at R′. Conversely, M˙(R > R′, t) leads
M˙(R = R′, t) (note that a phase angle> pi and< 2pi is indis-
tinguishable from a phase angle < 0 and > −pi), because the
accretion rate upstream of the perturbation is negative (e.g.
Fig. 2b). For higher frequencies, we see that phase wrapping
causes oscillations in the phase angle.
According to (16) the Lynden-Bell Green function (see
Section 2.3) has the property:
GM˙ (R,R
′, f) = a−1GM˙
(
aR, aR′,
f
a2−n
)
, (20)
where a > 0 is an arbitrary constant. Therefore the Green
function in this particular case can be considered as a func-
tion of two variables instead of three (i.e. no need to consider
a different R′ value to what we already plotted in Fig. 6).
4 THE PROPAGATING FLUCTUATIONS
MODEL USING GREEN FUNCTIONS
In the propagating fluctuation model, the initial variability
of mass accretion rate is assumed to be stirred up through
out the disc, i.e. fluctuations are introduced at a range of
R′. These fluctuations propagate to other parts of the ac-
cretion disc and, in general, interact (multiplicatively) with
one another. In previous treatments of the model, only in-
wards propagation has been considered and/or a very simple
Green function has been assumed to describe propagation
(Lyubarskii 1997; Kotov et al. 2001; Ingram & van der Klis
2013). Here, we consider both inwards and outwards propa-
gation of fluctuations. In the simplest case, we may consider
the fluctuations to simply pass one another. In this case, lin-
earity is preserved. In general though, fluctuations interact
with one another as they propagate: e.g. inward propagating
fluctuations from a large R′ will modulate and be modulated
by outward propagating fluctuations from a smaller R′. This
general case is non-linear.
4.1 Mass accretion rate fluctuations: the general
case
The total mass accretion rate consists of the average mass
accretion rate M˙0 and fluctuations m˙(R, t) on top of the
average value:
M˙(R, t) = M˙0 + m˙(R, t). (21)
We assume that local perturbations of surface density
A(R, t) caused by MHD are A(R, t) ∝ M˙(R, t)/R.
Indeed, the evolution of surface density is given by 4
R∂tΣ = ∂RM˙.
The local mass accretion rate can be represented as M˙ =
2piRvRΣ, where vR is local radial velocity. The radial veloc-
ity is defined by the diffusion process and can be disturbed
by local interaction of the accretion flow with magnetic field.
Then we can represent the radial velocity as
vr(R, t) = v
(d)
r (R, t)[1 + ϑ(R, t)],
where v
(d)
r (R, t) is the radial velocity defined by the diffusion
4 Using the following designation for the partial derivative: ∂x ≡
∂/∂x.
MNRAS 000, 1–20 (2017)
Propagating mass accretion rate fluctuations 7
10-5
10-4
10-3
10-2
10-1
100
0.001 0.01 0.1 1 10 100
Inward
propagation
|G
-
M.
(R
,R
’,
f)
|
f/fv(R=1)
0.01 0.1 1 10 100
Outward
propagation
f/fv(R=1)
Figure 4. The absolute value of Green function of the mass accretion rate in the frequency domain. The inner disc radius is located at
Rin = 0, the initial perturbation of the surface density is at R
′ = 10. The radial coordinates of final perturbations are taken to be R =
1, 2, 4, 8 (solid, dashed, dotted and dashed-dotted lines respectively), i.e. perturbations propagate inwards (left) and R = 11, 20, 40, 80
(solid, dashed, dotted and dashed-dotted lines respectively), i.e. perturbations propagate outwards (right). The parameter n = 1.
10-5
10-4
10-3
10-2
10-1
100
0.001 0.01 0.1 1 10 100
Inward
propagation
n=1.5
n=1.0
n=0.5
|G
-
M.
(R
,R
’,
f)
|
f/fv(R=1)
0.01 0.1 1 10 100
Outward
propagation
n=1.5
n=1.0
n=0.5
f/fv(R=1)
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process and ϑ(R, t) 1 represents fluctuations of radial ve-
locity caused by local MHD processes. Then the local surface
density evolution is defined by the relation
R∂tΣ = ∂R
{
RΣv(d)r (R, t)[1 + ϑ(R, t)]
}
= ∂R
{
M˙ (d)(R, t)[1 + ϑ(R, t)]
}
,
where M˙ (d)(R, t) is the mass accretion rate caused by vis-
cous diffusion only. Differentiation over the radial coordinate
gives
R∂tΣ = ∂RM˙
(d)(R, t) [1 + ϑ(R, t)] + M˙ (d)(R, t)∂Rϑ(R, t)
≈ ∂RM˙ (d)(R, t) + M˙ (d)(R, t)∂Rϑ(R, t). (22)
The first term in the right-hand side (rhs) of relation defines
variations of the surface density due to the diffusion process,
while the second term defines new perturbations due to lo-
cal fluctuations of viscosity. Hence, the initial perturbations
of the radial density RΣ(R) are proportional to local mass
accretion rate: ∂tΣ
∗ ∝ M˙/R. Therefore, the perturbations
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of the surface density can be represented as follows:
A(R, t) =
a(R, t)
R
M˙(R, t)
M˙0
=
a(R, t)
R
(
1 +
m˙(R, t)
M˙0
)
, (23)
where a(R, t) is defined by local physics of interaction be-
tween accretion flow and magnetic field and does not depend
on conditions in other parts of accretion disc. Then we get
a non-linear equation for the perturbations of the mass ac-
cretion rate in the time domain:
m˙(R, t) =
Rout∫
Rin
dR′GM˙ (R,R
′, t)⊗t a(R
′, t)
R′
(
1 +
m˙(R′, t)
M˙0
)
(24)
The local perturbations of the surface density in the
frequency domain are given by
A(R, f) =
a(R, f)
R
⊗f
(
δ(f) +
m˙(R, f)
M˙0
)
, (25)
where ⊗f denotes a convolution in frequency.
The local perturbations of surface density propagate
through the accretion disc according to the solution of the
diffusion equation (2) and define the final perturbations of
the mass accretion rate. If the final mass accretion rates are
given by convolution according to equation (7) the pertur-
bations of mass accretion rate in the frequency domain are
MNRAS 000, 1–20 (2017)
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given by
m˙(R, f) =
Rout∫
Rin
dR′GM˙ (R,R
′, f)A(R′, f), (26)
where GM˙ (R,R
′, f) is the corresponding Green function in
the frequency domain and Rin and Rout are inner and outer
radii of accretion disc. 5 Substitution of expression (25) into
(26) gives
m˙(R, f) =
Rout∫
Rin
dR′
R′
GM˙ (R,R
′, f)a(R′, f) + (27)
1
M˙0
Rout∫
Rin
dR′
R′
GM˙ (R,R
′, f)
[
a(R′, f)⊗f m˙(R′, f)
]
.
If the perturbations of the mass accretion rate are sig-
nificantly smaller than the average mass accretion rate
(m˙(R, t)  M˙0) then the perturbations of mass accretion
rate are defined by the first term on the rhs of equation
(27). In this case they are represented by a superposition
of fluctuations originating at different radii and modified by
the diffusion process. If perturbations of the mass accretion
rate are comparable with the average mass accretion rate
then the final result is affected by both terms of the rhs of
equation (27).
4.2 The equation in discrete form: particular case
of Green function given by δ-function
In order to directly compare our formalism with that of In-
gram & van der Klis (2013) let us consider how the for-
malism transforms if the flow is split into N rings of radii
RN < RN−1 < ... < R2 < R1. Then the equation (24) takes
form
m˙(Ri, t) '
∑
j>i
∆Rj G(Ri, Rj , t)⊗t a(Rj , t)
Rj
(
1 +
m˙(Rj , t)
M˙0
)
.
If the Green function is given by δ-function (the case
of arbitrary Green function is discussed in Appendix B):
G(Ri, Rj , t) = δ(t − ∆tij), where ∆tij is the propagation
time from Rj to Ri, we get
m˙(Ri, t) '
∑
j>i
∆Rj
a(Rj , t−∆tij)
Rj
(
1 +
m˙(Rj , t−∆tij)
M˙0
)
.
Then the total mass accretion rate at the ring i can be rep-
resented as follows:
M˙(Ri, t) = M˙(Ri−1, t−∆ti,(i−1))
+∆Ri−1
a(Ri−1,t−∆ti,(i−1))
Ri−1
(
1 +
m˙(Ri−1,t−∆ti,(i−1))
M˙0
)
5 The inner and outer radii in equation (27) are defined by the
accretion disc geometry and the physical conditions in the disc.
The outer radius Rout cannot exceed the radius where the effec-
tive temperature of accretion disc is lower than ' 6500 K. Oth-
erwise the accretion disc becomes thermally unstable because of
hydrogen recombination and a dramatic change of opacity (Lasota
2001). Moreover, the initial perturbations of the mass accretion
rate due to MHD processes are expected to be weaker in case of
low temperature and weakly ionized plasma.
or
M˙(Ri, t) = M˙(Ri−1, t−∆ti,(i−1))
×An−1(t−∆ti,(i−1)), (28)
where
An−1(t−∆ti,(i−1)) = 1 + ∆Ri−1
Ri−1
a(Ri−1, t−∆ti,(i−1))
M˙0
.
Therefore considering this particular case, the total mass ac-
cretion rate in the i-th ring can be obtained from the mass
accretion rate in the (i + 1)th ring by multiplying on the
stochastic function with a mean of unity. Then the total
mass accretion rate in the frequency domain can be calcu-
lated:
M˙(Rn, f) = M˙(R1)
n−1∐
i=1
Ai(f)e2piif∆ti,(i−1) , (29)
where Ai(f) is the Fourier transform of the function Ai(t).
If fluctuations at different radii are not correlated with each
other the power of the mass accretion rate is
|M˙(Rn, f)|2 = M˙
2
(R1)
n−1∐
i=1
|Ai(f)|2, (30)
This result agrees with the formalism, which was developed
earlier by Ingram & van der Klis (2013).
5 POWER SPECTRA OF INITIAL
PERTURBATIONS
We assume that the initial fluctuations of the surface den-
sity are stochastic and have a random phase but well-defined
power spectrum. This power spectrum depends on the phys-
ical process generating variability.
The initial perturbations might be caused by MHD tur-
bulence, which serves as the source of viscosity in the ac-
cretion flow, in a form of fluctuations in magnetic stress
(Balbus & Hawley 1991; Hawley et al. 1995; Brandenburg
et al. 1995).
The typical time-scale can be defined by the dynamo
process (King et al. 2004), which is generally shorter than
the viscous time scale. However, the time scale for producing
magnetic field sufficiently coherent to affect the accretion
rate can be longer and comparable with viscous time-scale
(Livio et al. 2003).
An accurate description of the emergence of new fluc-
tuations of the mass accretion rate requires the introduction
of their cross-spectrum (see Appendix C), while the PDS of
the initial fluctuations at each radial coordinate can be used
for approximate description of real process.
Our formalism allows us to use any power spectra for
the new fluctuations. Here we will focus only on some pos-
sibilities.
5.1 White noise
The power spectrum of white noise is given by a constant.
Though this kind of process is not physical, it can be used as
an approximation in cases when the break frequency of the
initial perturbations is well above local viscous frequency.
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5.2 Lorentzian profile
The power spectrum at each radius can be represented by a
zero-centred Lorentzian breaking at frequency fbr(R):
Sa(f) = |a(f)|2 = 2P (R)
pi
fbr(R)
(fbr(R))2 + f2
, (31)
where P =
∫∞
0
dfSa(f) is the total power of the local pro-
cess. The frequency fbr is a model parameter and has to
be provided by the physical model of the initial fluctuations
in the accretion disc. The breaking frequency is likely to
be within the range between viscous fv and Keplerian fre-
quency fK (Hogg & Reynolds 2016): fv < fbr < fK, which
are separated by about 2 orders of magnitude (see Eq. (13)).
The integrated power of initial perturbations can depend on
the radial coordinate in the accretion disc. In this paper,
however, we take the integrated power to be constant over
the accretion disc.
The Lorentzian profile arises from the idea that the
initial fluctuations in the time domain decay exponen-
tially. Indeed, the Fourier transform of the function g(t) =
sin(2pif0t)e
−t/T , where f0 and T are constants, is given by
g(f) ∝ 1
((f − f0)2 + (1/T )2)1/2 .
The corresponding power is
|g(f)|2 ∝ 1
(f − f0)2 + (1/T )2 .
In that sense the Lorentzian profile given by equation (31)
implies that the initial fluctuations decay on timescale ∼
1/∆fbr. In this paper we use zero-centured Lorentzian pro-
files, but if the accretion disc at some radial coordinate is
disturbed by some process of characteristic frequency f∗, it
would be reasonable to use the Lorentzian profile centured
at frequency f∗.
6 FOURIER PROPERTIES OF THE LOCAL
MASS ACCRETION RATE VARIABILITY
6.1 Power spectrum
The perturbations of the mass accretion rate originate from
initial stochastic variability and are, therefore, also stochas-
tic. They cannot be well described by any particular reali-
sation of the mass accretion rate process in either time or
frequency. However, they can be described in terms of the
average power spectrum and cross-spectrum. In the most
general case when the mass accretion rate perturbations are
given by (24), PDS of the mass accretion rate at R is defined
by equation (see Appendix C):
Sm˙(R, f) =
Rout∫
Rin
dR′
(R′)2
∆R(R′)|GM˙ (R,R′, f)|2
×Sa(R′, f)⊗f
[
δ(f) +
Sm˙(R
′, f)
M˙20
]
, (32)
where Sa(R, f) is the power spectrum of initial perturba-
tions at radius R, ∆R(R) is the radial scale on which the ini-
tial perturbations can be considered as coherent with one an-
other. This scale can be different at different radii in the ac-
cretion disc. It is likely that this coherence scale is ∆R ∼ H,
where H is the geometrical thickness of the accretion disc at
given radius (Hogg & Reynolds 2016). However, in the case
of accretion onto highly magnetized objects the scale can be
larger.
In the linear approach, when only the first term in the
square brackets in the rhs of equation (32) is taken into ac-
count, the final power spectrum of the mass accretion rate
is defined by the initial variability at every radius given by
Sa(R
′, f), and the transfer function power |G(R,R′, f)|2.
Because the transfer function suppresses variability at fre-
quencies higher than local viscous frequency fv(R
′), every
region in the accretion disc effectively produces fluctuations
at frequencies below the corresponding fv(R
′). As a result,
there should be a break in the power spectrum, which cor-
responds to the lowest viscous frequency in that part of the
accretion disc, where initial fluctuations are produced. The
lowest frequency corresponds to the outer radius Rout and
the break arises even in the case when the initial pertur-
bations are given by white noise (see Fig. 8). If the initial
fluctuations are produced below some local frequency fbr(R)
only, then there should be another break in power spectrum,
which locates at ∼ fbr(R) (see red dashed line in Fig. 8).
At different radii the location of the second break is also
different in general. Above this frequency the variability is
not produced effectively by local processes and additionally
suppressed by the transfer function. Thus, one would expect
double broken power spectrum with breaks corresponding to
the inner and outer disc radii.
The inclination of the power spectrum between two
slopes and above the second slope depends on the power
spectra of initial perturbations. We describe the power spec-
trum of initial perturbations by zero-centred Lorentzians
breaking at frequency fbr(R). If, for example, the power
spectrum drops exponentially at frequencies above fbr(R)
(like in the model of Lyubarskii 1997), the final power spec-
trum is steeper. In this case it is, indeed, ∝ 1/f between two
slopes as found by Lyubarskii 1997.
The second term in equation (32) describes the response
of the newly arising fluctuations on local variability of the
mass accretion rate (the amplitude of new fluctuations is
proportional to the local mass accretion rate, which is vari-
able). This term includes all non-linear interactions between
inward, outward and local fluctuations. The second term is
negligible if the mass accretion rate variability amplitude is
much smaller than the average mass accretion rate.
Because the initial fluctuations of the surface density
scale with the mass accretion rate, the PDS of initial per-
turbations is Sa(R, f) ∝ M˙2. The rms of local fluctuations
of the mass accretion rate is
(rms)2 ∝
∫
f>0
df Sm˙(f)
Therefore, if the nonlinear effects are not taken into account
and there is only the first term in the integrand in equation
(32), the rms of local mass accretion rate is proportional to
the mass accretion rate:
rms ∝ M˙. (33)
This provides a neat explanation for the linear rms-flux re-
lation ubiquitously observed from accreting objects.
Interestingly, the nonlinear term in equation (32) can
cause a deviation from this linear rms-flux relation.
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Figure 8. The power spectra of the mass accretion rate at di-
mensionless radius R = 50 for different parameters n. Black solid
(red dashed) line corresponds to the initial fluctuations given by
white noise (zero-centred Lorentzian breaking at local viscous fre-
quency). The accretion disc inner radius is at Rin = 0. The initial
fluctuations are produced at radii R′ ∈ (0, 200). ∆R = 1.
6.2 Cross-spectrum
The cross-spectrum of mass accretion rate variability for
radii R1 and R2 is (see Appendix D)
Cm˙(R1, R2 | f) =
Rout∫
Rin
dR′
(R′)2 ∆R(R
′)GM˙ (R1, R
′, f)G
∗
M˙ (R2, R
′, f)
×Sa(R′, f)⊗f
[
δ(f) + Sm˙(R
′,f)
M˙20
]
, (34)
where Sa(R, f) is the PDS of initial perturbations, Sm˙(R, f)
is PDS of the mass accretion rate defined by (32), ∆R is local
radial scale, on which the initial fluctuations are correlated,
and ‘*’ denotes complex conjugation. The second term in
the rhs of (34) is negligible if the perturbations of the mass
accretion rate are much smaller than the average mass accre-
tion rate. It is obvious that Cm˙(R2, R1 | f) = C∗m˙(R1, R2 | f).
It is also obvious that the cross-spectrum gives the power
spectrum when R1 = R2: Cm˙(R,R | f) = Sm˙(R, f).
In order to measure the coherence between two radii R1
and R2 it is convenient to use coherence function:
Coh(R1, R2 | f) ≡ |Cm˙(R1, R2 | f)|
2
Sm˙(R1, f)Sm˙(R2, f)
, (35)
which takes the value within [0, 1].
Because the high frequency variability is suppressed by
the transfer functions, coherent high frequency variability is
taking place only at radii close to the origin of the initial
perturbations (see Fig. 9a). At low frequencies the variabil-
ity is coherent at a broader range of radii. It is interesting
that at low frequencies the mass accretion rate variability
at smaller radii lags variability at larger radii, however, at
high frequency (see Fig. 9b) the situation might be opposite:
the variability at larger radii lags relative to the variability
at smaller radii. This happens for two reasons: (i) the mass
accretion rate fluctuations can propagate outwards and (ii)
the viscous frequency drops with radial coordinate and at
sufficiently high frequency, variability from outer parts of a
disc is more suppressed then variability from inner parts of
accretion disc, i.e. fluctuations from outside are damped out
whereas those propagating outwards from smaller radii are
not.
7 FOURIER PROPERTIES OF THE OUTPUT
FLUX
In this section we discuss the fourier properties of the output
flux mainly in context of BHs, for which the flux is coming
entirely from the accretion disc. We assume that the total
flux at the surface of the accretion disc drops with the radial
coordinate as Fsur ∝ R−3.
7.1 Power spectra for a given energy band
The total luminosity available to be radiated at a given re-
gion of the accretion disc is proportional to the local mass
accretion rate. If local variability of the mass accretion rate
is small in comparison with the average mass accretion rate,
the fluctuations of flux in some energy band are ∝ m˙(R, t).
If the energy dependence stays constant in time, the flux in
MNRAS 000, 1–20 (2017)
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Figure 9. (a) The coherence function Coh(15, R | f) for variabil-
ity at radial coordinate R1 = 15 and other radii in the accretion
disc. (b) The corresponding phase angle of the cross-spectrum. At
low Fourier frequencies the variability at outer radii leads vari-
ability at R = 15 (red color) and variability at inner radii lags
variability at R = 15. At sufficiently high frequencies the situa-
tion is opposite: the variability at smaller radii lead variability at
larger radii. Parameters: n = 1, Rin = 0, Rout = 100, ∆R = 1,
fbr = 100fv.
a given energy band is
Fh(t) '
Rout∫
Rin
dR′
h(R′)
R′2
m˙(R′, t), (36)
where h(R) is a weighting function which corresponds to
the energy band. Then the PDS of the flux variability in the
energy band is
SFh(f) =
Rout∫
Rin
dR1
Rout∫
Rin
dR2
h(R1)
R21
h(R2)
R22
Cm˙(R1, R2 | f),
(37)
where Sm˙(R, f) is PDS of local mass accretion rate given by
equation (32).
For simplicity the weighting function h(R) for the hard
energy band is taken to be either a step function:
h(R)=
{
1, for R < 3Rin,
1
3
, for R ≥ 3Rin,
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Figure 10. The power spectrum of total flux variability. The solid
lines represent the result based on accurate Linden-Bell Green
functions, while the dashed lines show the result based on Green
functions given by δ-function in the time domain. The real diffu-
sion process suppress significantly the variability at high frequen-
cies. Parameters: Rin = 1, Rout = 100, rmsini = 0.01. The initial
mass accretion rate perturbations are described by zero-centured
Lorentzian profile with fbr = fv. The hardness function is given
by the step function.
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Figure 11. The power spectra of total flux variability given for
different distribution of power of initial variability over the ac-
cretion disc. The initial mass accretion rate perturbations are de-
scribed by a zero-centured Lorentzian profile with fbr = 100 fv.
Parameters: Rin = 1, Rout = 100, ∆R = 1. The hardness function
is given by the step function.
which corresponds to abrupt hardening of the spectrum
within the innermost region or exponent: h(R) ∝ R−1,
which corresponds to gradual hardening of the spectrum.
The weighting function for the soft energy band is taken to
be s(R) = 1 all over the accretion disc.
The power spectrum of the photon flux variability im-
prints information about the inner and outer radii of the
accretion disc and, like the power spectrum of the mass ac-
cretion rate, has at least two breaks at about the viscous
frequencies at inner and outer radii (see Fig. 10). The shape
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Figure 12. (a) Power spectra of variability in hard (solid black
line) and soft energy bands (dashed red line), (b) the coherence
function between variability at hard and soft energy bands and (c)
the phase lags between variability in hard and soft energy bands.
The initial mass accretion rate perturbations are described by
zero-centured Lorentzian profile with fbr = 100 fv. Parameters:
Rin = 1, Rout = 100, ∆R = 1. The hardness function is taken to
be ∝ R−1.
of the power spectrum strongly depends on the distribution
of power of initial mass accretion rate fluctuations over the
radial coordinate (see Fig. 11).
7.2 Cross-spectrum between two energy bands:
hard and soft lags
One can consider two energy bands with different emissiv-
ities given by weighting functions h(R) (hard band) and
s(R) (soft band), which result in different power spectra in
hard and soft energy bands (see Fig. 12a). Then the cross-
spectrum is calculated as follows:
Ch,s(f) =
Rout∫
Rin
dR1
Rout∫
Rin
dR2
h(R1)
R21
s(R2)
R22
Cm˙(R1, R2 | f),
(38)
where Cm˙(R1, R2 | f) is the cross-spectrum for the mass ac-
cretion rate given by equation (34). The corresponding co-
herence function (see Fig. 12b) is given by
Cohh,s(f) =
|Ch,s(f)|2
SFh(f)SFs(f)
, (39)
while the phase lag Φ(f) between the two energy bands (see
Fig. 12c) is given by
tan Φ(f) =
Im[Ch,s(f)]
Re[Ch,s(f)]
, (40)
where Im[Ch,s(f)] and Re[Ch,s(f)] are imaginary and real
parts of the cross-spectrum at frequency f . The correspond-
ing time lag is tlag(f) = Φ(f)/(2pif).
It is natural that the variability in the hard energy band
lags the variability in the soft energy band. In this case the
time lags are defined by the typical time of propagation of
fluctuations from outer radii, where soft flux is produced, to
inner radii, where the most energy flux is produced in the
hard energy band. However, negative phase lags (when the
soft energy band variability lags hard energy variability) are
also possible at high frequencies (see Fig. 13). The negative
lags are caused by the fact that the variability of mass ac-
cretion rate at the inner radii can affect the variability at
the outer radii. It becomes important at high frequencies
where the Green functions in the frequency domain sup-
press variability from the outer radii. The frequency where
the soft variability lags hard variability is comparable to the
viscous frequency at the inner disc radius. It is important
to note that the appearance of the negative phase lags is
strongly dependent on specific conditions in the accretion
disc. Moreover, negative lags arise at very high Fourier fre-
quencies, where the variability can be principally affected by
sound waves instead of viscous diffusion.
The predicted negative phase lags are comparable to
the observed negative lags in stellar mass black hole systems
(Uttley et al. 2011; De Marco et al. 2015) and AGN (Zoghbi
et al. 2010; Walton et al. 2013; Alston et al. 2014). Therefore,
viscous diffusion in accretion disc can in principle be a key
process responsible for negative time lags, but we note that
Fe K lags in AGNs are solid evidence of reverberation.
The coherence is typically smaller at higher Fourier fre-
quency. It is a result of suppression of mass accretion rate
variability due to viscous diffusion, when the variability at
high frequency can be coherent only at close radii. How-
ever, because of the possibility of outward propagation (note
that outward propagation effectively transfers variability of
a particular characteristic frequency, suppressing variability
at higher and lower frequencies), there is a range of Fourier
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Figure 13. The phase lags as a function of Fourier frequency.
Hard X-ray variability lags soft X-ray variability at low frequen-
cies. However, high frequencies soft variability lags hard variabil-
ity. It is caused by principal possibility of diffusion from inner
to outer radii. Parameters: Rin = 1, Rout = 100. The initial
perturbations are given by zero-centured Lorentzian profile. The
hardness function is given by step function.
frequencies, for which the coherence becomes higher under
the additional influence of outward propagation (see the high
frequency bump in Fig. 12b). Depending on the displacement
of regions producing hard and soft photon energy flux, the
coherence becomes higher or even reaches its local maxi-
mum at sufficiently high frequency. It is remarkable, that
the increasing of coherence at high frequencies is expected
also from simple reverberation models (Zoghbi et al. 2010;
Uttley et al. 2014).
7.3 Influence of non-linearity
New local fluctuations of the surface density arise on top
of the average mass accretion rate at each radial coordinate
. Thus, new fluctuations can be affected by existing vari-
ability in the accretion flow, which gives rise to non-linear
effects. The non-linear effects are described by the second
terms in the rhs of equation (32) and equation (34). The de-
tailed study of non-linear effects is beyond the scope of the
present work. However, a few features have to be marked: (i)
the contribution of non-linear effects influence the shape of
the PDS shape and Fourier frequency (see Fig. 14), (ii) the
higher the relative rms, the stronger the non-linear effects
(see Fig. 15).
7.4 Accreting neutron stars
In the case of highly magnetized accreting NSs the accre-
tion disc is interrupted at the magnetospheric radius, where
the accretion disc temperature is too low to produce X-ray
flux (unless the mass accretion rate is extremely high, as
it is for the case of pulsating ultra luminous X-ray sources
powered by NSs). Most of the flux is produced at the NS
surface, where the matter channeled by the magnetic field
looses its kinetic energy (however, at extremely high mass
accretion rate the flux can be affected by the matter at the
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Figure 14. The ratio of PDS with non-linear effects taken into
account to PDS without non-linearity. Non-linear effects increase
PDS. The initial mass accretion rate perturbations are described
by zero-centured Lorentzian profile with fbr = 100 fv. Parame-
ters: Rin = 1, Rout = 100, ∆R = 1. The hardness function is
taken to be ∝ R−1.
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Figure 15. The rms of total flux variability with effects of non-
linearity taken into account as a function of rms, where non-linear
effects are neglected (rms0, dashed line represents rms=rms0
corresponding to linear case). The stronger the variability, the
stronger non-linear effects. The initial mass accretion rate per-
turbations are described by zero-centured Lorentzian profile with
fbr = 100 fv. Parameters: Rin = 1, Rout = 100, ∆R = 1. The
hardness function is taken to be ∝ R−1.
magnetosphere, see e.g. Mushtukov et al. 2017). As a re-
sult, the observed fast aperiodic variability of the X-ray flux
in the case of highly magnetized accreting NS is caused by
mass accretion rate variability at the thin inner ring of the
accretion disc. This feature causes observed variability of
the PDS with the luminosity: the higher the mass accre-
tion rate, the smaller the inner disc radius, the higher the
Fourier frequency of a break corresponding to the inner disc
radius (Revnivtsev et al. 2009). The PDS of observed X-ray
variability, therefore, imprints information about the distant
regions of accretion disc (Gilfanov & Arefiev 2005), which
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is useful for diagnostics of the whole system. It is interest-
ing that accreting highly magnetized NSs provide an op-
portunity to study timing properties of cold accretion discs,
where the temperature drops below ∼ 6500 K and hydro-
gen is weakly ionized and viscous properties of the disc can
be significantly different (Tsygankov et al. 2017). The same
condition of an accretion disc can be realized in BH XRBs,
but only at much lower mass accretion rates.
8 SUMMARY
We have developed a formalism that describes propagation
of mass accretion rate fluctuations in an accretion disc using
an exact solution of the diffusion equation (Lynden-Bell &
Pringle 1974). The solution of the equation is given by Green
functions, which can be constructed for various boundary
conditions. The Green functions in the frequency domain
play the role of transfer functions and describe how initial
variability at a given radius results in variability at other
radii. The fluctuations of the surface density arising at some
radius due to local processes result in mass accretion fluc-
tuations propagating both inwards and outwards. The de-
veloped formalism provides the basis for the construction of
accurate models of fast aperiodic variability of mass accre-
tion rate in accretion discs around BHs and NSs.
It is shown that the Green functions suppress variabil-
ity at frequencies higher than the local viscous frequency
due to diffusive spreading. The suppression depends on the
Fourier frequency of variability and is stronger for lower pa-
rameter n, which describes dependence of kinematic viscos-
ity on the radial coordinate ν ∝ Rn (see Fig. 4a and Fig. 5a).
As a result, the outer parts of the accretion disc effectively
produce variability only below their viscous frequency even
if high frequency variability is produced locally. High fre-
quency variability can propagate only to the neighboring
radii without significant suppression. The suppression at
high Fourier frequencies encoded in Green functions is in
agreement with recent numerical simulations based on the
first principles (Cowperthwaite & Reynolds 2014; Hogg &
Reynolds 2016). This property of viscous diffusion means
that different parts of the accretion disc effectively produce
mass accretion rate fluctuations only at timescales longer
than the local viscous time scale.
It is interesting that according to solutions of the diffu-
sion equation, the mass accretion rate fluctuations propagate
outwards as well, which has not been explored before in the
context of propagating mass accretion rate fluctuations. In
these conditions, the outer parts of accretion disc “feel” pro-
cesses which occur in the inner part of the disc. However, in
the case of outward propagation of fluctuations, the transfer
functions (see Fig. 4b and Fig. 5b) differ from the transfer
function describing inward propagation. The high frequency
variability is strongly suppressed similarly to the case of in-
ward propagation, but the transfer functions have a maxi-
mum at a frequency close to local viscous frequency. It means
that the low frequency variability is also suppressed for fluc-
tuations propagating outwards. In this case the suppression
is stronger for lower frequencies and higher parameter n.
The power spectrum of the mass accretion rate vari-
ability at any radial coordinate is affected by properties of
initial fluctuations all over the disc (distribution of variabil-
ity power over the radial coordinate and break frequency
fbr(R) of initial variability) and by viscous properties of the
accretion disc, which are described by Green functions. The
observed variability of the photon energy flux in a given en-
ergy band is defined by mass accretion rate variability at the
inner parts of accretion disc. Thus, it is in principal possible
to decode the properties of initial variability using observed
photon energy flux variability and appropriate Green func-
tions.
Our model assumes that there is an effective radial scale
∆R in the accretion disc where the initial fluctuations are
correlated. This assumption is in agreement with recent nu-
merical simulations (Hogg & Reynolds 2016), where the ra-
dial scale is associated with the typical scale at which the
dynamo process develops (King et al. 2004). The influence
of initial fluctuations on the final variability depends on the
local radial scale ∆R. Previous, discretized, treatments of
the propagating fluctuations model (e.g. Ingram & van der
Klis 2013) also implicitly make this assumption.
The developed model naturally predicts two breaks in
the PDS: the lower frequency break corresponds to the outer
disc radius and settles at about the viscous frequency of the
outer radius, the higher frequency break corresponds to the
inner disc radius, its location depends on viscous frequency
at the inner radius and PDS of initial perturbation there.
Between the breaks the PDS can be described by power
laws except the highest frequencies, where the PDS can drop
faster than it is described by power law.
In previous, simpler treatments of propagating fluctua-
tions, the predicted power spectrum has always consisted of
flat top noise between a low and high frequency break if the
total variability power is assumed to vary smoothly with ra-
dius. Observed power spectra, on the other hand, routinely
show a series of discrete humps, that have been modeled by
injecting extra variability at characteristic radii (Rapisarda
et al. 2016, 2017b,a). Here, however, we show our more so-
phisticated treatment of the problem naturally leads to dis-
crete humps in the predicted power spectrum, even for input
variability varying smoothly with radius. Rapisarda et al.
(2017a) recently showed that observations of XTE J1550-564
pose problems for the propagating fluctuations model, since
the power spectra in two energy bands are almost identical,
but there are still phase lags between the two bands. This is
very challenging to explain, because the lags are assumed to
result from the different bands having different radial emis-
sivity laws, which inevitably leads to different power spectral
shapes. This is still the case in our more sophisticated treat-
ment of the model. The unique properties of XTE J1550-564
were reported earlier by Sukova´ & Janiuk 2016 who reported
on the evidence for non-linear dynamics in the lightcurves
of the source. However, the more nuanced predictions ex-
plored here leave more scope for the XTE J1550-564 data
to be explained. In particular, if the property seen in the
observations of Rapisarda et al. (2017a) is fairly rare, it is
reasonable to fit it with rather “fine tuned” parameters. We
also note that the same observation is a problem for all lag
models in the literature (e.g. Reig & Kylafis 2015).
The model in the linear regime, i.e., when the initial
fluctuations are not affected by mass accretion rate vari-
ability, reproduces the observed linear relation between rms
and luminosity (Uttley et al. 2005). However, it does not
exclude the possibility of deviation from the linear relation.
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A deviation can be caused by nonlinear interaction between
the fluctuations of mass accretion rate. We predict devia-
tion from the linear rms-flux relation for very high levels of
rms variability. Discovery of such a property in observational
data would allow us to break degeneracies associated with
propagating fluctuation models.
The variability at smaller radii usually lags variability
at larger radii, but we show that at high frequency the sit-
uation might be opposite and variability at larger radii lags
variability from the inner parts of accretion disc. It leads
to the possibility of negative time-lags in BH XRBs: the
variability in soft X-rays lags variability in hard X-rays at
sufficiently high Fourier frequencies. The typical value of
the corresponding negative phase lags is ∼ 0.05 rad, which
is close to the lags observed in AGNs (Zoghbi et al. 2010;
Cackett et al. 2013; Alston et al. 2014) and stellar-mass black
holes (Uttley et al. 2011; De Marco et al. 2015). The nega-
tive lags are commonly explained by Comptonization time
delays (Kazanas et al. 1997) or by Compton-scattering re-
verberation from material located at some distance from the
primary X-ray source (Fabian et al. 2009; Legg et al. 2012).
Thus, we conclude that viscous diffusion can potentially con-
tribute significantly to the observed lags of soft X-ray radi-
ation.
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Figure A1. Time scale in units of local viscous time tv at which
the mass accretion rate at the outer region of initial perturbation
changes its sign and becomes positive. The initial perturbation if
located at R′ = 10, Rin = 0. Different curves are given for various
parameters n.
APPENDIX A: MASS ACCRETION RATE AT
THE OUTER REGION
Green function for the mass accretion rate are given by equa-
tion (15) turns to zero only in case when the difference in
braces turns to zero. Therefore, one can find the necessary
conditions solving the equation
Il−1 (ψ)− Il (ψ)
(
R
R′
)1−n/2
= 0. (A1)
In particular case of n = 1 the equation takes form
coshψ − sinhψ
(
R
R′
)1−n/2
= 0
or
tanhψ = (R′/R)1/2. (A2)
The equation can be solved only if R > R′ because tanhx <
1. If ψ and (R′/R) are small enough, the latest equation can
be approximated as ψ ≈ (R′/R)1/2. Therefore
1
τ
(
RR′
R2c
)1/2
≈
(
R′
R
)1/2
(A3)
and τ ≈ R/Rc which is dimensionless viscous time for the
radius R > R′ and n = 1. As a result, we see that the
mass accretion rate at R > R′ changes its sing and becomes
positive at viscous timescale.
The same result can be obtained numerically for various
n ∈ (0; 2) (see Fig. A1).
If the inner disc radius Rin > 0 the time scale at which
the mass accretion rate change its sing from negative to pos-
itive becomes smaller (see Fig. A2).
APPENDIX B: THE EQUATION IN DISCRETE
FORM: THE CASE OF ARBITRARY GREEN
FUNCTION
The equation for the fluctuations of the mass accretion rate
can be obtained in discrete form for the case of an arbitrary
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Figure A2. Time scale in units of local viscous time tv at which
the mass accretion rate at the outer region of initial perturbation
changes its sign and becomes positive (matter distribution is going
inwards). The initial perturbation if located at R′ = 10. Solid line
is given for the case of accretion disc of Rin = 0, while the dashed
and dashed-dotted lines correspond to the disc of Rin = 1 and
Rin = 3 respectively. The mass accretion rate changes its sign
faster in case of accretion disc with non-zero inner radius. At
R  R′ the time scale at which the mass accretion rate changes
its sign ∝ tv.
Green function in the case of only inwards propagation. Let
us use the following designations:
Gij ≡ GM˙ (Ri, Rj , f), ai ≡ a(Ri, f),
m˙i = m˙(Ri, f), ξ ≡ 1
M˙0
< 1. (B1)
The accretion goes only in one direction - towards the central
object. The mass accretion rate fluctuation in ring (i+ 1) is
m˙i+1 = G(i+1)im˙i∆Ri (B2)
+G(i+1)iai
∆Ri
Ri
+ ξG(i+1)i
[
ai
∆Ri
Ri
⊗f m˙i
]
,
where the first term describes perturbations in ring i, which
were not generated there, but crossed it, the 2nd term de-
scribes new perturbations, which were generated on top of
average mass accretion rate M˙0 and the 3rd term describes
perturbations originated in ring i on top of perturbation
which originated from outer rings. Perturbations originated
in the ring (i + 1) are not included in m˙i+1 by definition.
It is assumed that they are originated in a ring, propagate
inwards and influence on the inner rings.
According to (B2):
m˙2 = G21m˙1∆R1 +G21a1
∆R1
R1
+ ξG21
[
a1
∆R1
R1
⊗f m˙1
]
.
If the mass accretion rate perturbations in the 1st ring are
caused by processes in it only (there are no perturbations
coming from outer rings) then m˙1 = 0 and
m˙2 = G21a1
∆R1
R1
.
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For the 3rd ring we have then
m˙3 = G32m˙2∆R2 +G32a2
∆R2
R2
+ ξG32[a2
∆R2
R2
⊗f m˙2]
= G32G21a1
∆R1
R1
+G32a2
∆R2
R2
+ξG32[a2
∆R2
R2
⊗f G21a1 ∆R1
R1
],
or
m˙3 = G31a1
∆R1
R1
+G32a2
∆R2
R2
+ξG32
[
a2
∆R2
R2
⊗f G21a1 ∆R1
R1
]
.
Finally we get for the innermost radius:
m˙N =
N−1∑
i=1
∆Ri
Ri
GNiai
+ξ
N−2∑
j=1
N−1∑
i=j+1
∆Ri
Ri
∆Rj
Rj
GNiai ⊗f Gijaj
+ξ2
N−3∑
j=1
N−2∑
i=j+1
N−1∑
k=i+1
∆Ri
Ri
∆Rj
Rj
∆Rk
Rk
×GNkak ⊗f Gkiai ⊗f Gijaj + (...), (B3)
where the first set of terms describes the linear contribution
of initial fluctuations and further sets of terms describe cor-
rections, which arise from nonlinear behavior of fluctuations.
APPENDIX C: PDS OF THE MASS
ACCRETION RATE
Stationary stochastic process A(t) is equally described by
its power density spectrum (PDS) SA(f) and its auto-
correlation function
KA(τ) = lim
T−→∞
1
T
T∫
0
dtA(t+ τ)A(t) = 〈A(t+ τ)A(t)〉t ,
(C1)
where 〈...〉t denotes averaging over time variable. PDS and
auto-correlation function are connected by the Fourier trans-
formation:
SA(f) =
+∞∫
−∞
dτ KA(τ)e
−2piifτ . (C2)
Let us find PDS for the mass accretion rate, which is
defined by the linear part of the equation (24):
m˙(R, t) =
Rout∫
Rin
dR′
R′
GM˙ (R,R
′, t)⊗t a(R′, t).
The corresponding auto-correlation function is
Km˙(R, τ) = 〈m˙(R, t+ τ)m˙(R, t)〉t (C3)
=
〈 Rout∫
Rin
dR′
R′
[
GM˙ (R,R
′, t+ τ)⊗t a(R′, t+ τ)
]
×
Rout∫
Rin
dR′′
R′′
[
GM˙ (R,R
′′, t)⊗t a(R′′, t)
]〉
t
Integration and finding of arithmetic mean value can be re-
arranged:
Km˙(R, τ) =
Rout∫
Rin
dR′
R′
Rout∫
Rin
dR′′
R′′
×
〈 +∞∫
−∞
dθ1GM˙ (R,R
′, θ1)a(R
′, t+ τ − θ1)

×
 +∞∫
−∞
dθ2GM˙ (R,R
′′, θ2)a(R
′′, t− θ2)
〉
t
=
Rout∫
Rin
dR′
R′
Rout∫
Rin
dR′′
R′′
+∞∫
−∞
dθ1
+∞∫
−∞
dθ2
× GM˙ (R,R′, θ1)GM˙ (R,R′′, θ2)
× 〈a(R′, t+ τ − θ1)a(R′′, t− θ2)〉t .
As a result, the cross-correlation function for m˙ can be
rewritten:
Km˙(R, τ) =
Rout∫
Rin
dR′
R′
Rout∫
Rin
dR′′
R′′
+∞∫
−∞
dθ1
+∞∫
−∞
dθ2
×GM˙ (R,R′, θ1)GM˙ (R,R′′, θ2)Ka(R′, R′′|τ − θ1 + θ2), (C4)
where Ka(R
′, R′′|τ − θ1 + θ2) is a cross-correlation function
of initial perturbations at radii R′ and R′′. If the initial per-
turbations are not correlated at any R′ 6= R′′, then the auto-
correlation function Km˙(R, τ) turns to zero. In real situation
the cross-correlation function of initial perturbations turns
to zero only if the radial coordinates are sufficiently distant
one from another. At close radii one would expect correla-
tion between initial fluctuations. The exact cross-correlation
function will arise from physics of the fluctuations. However,
for simplicity we can assume that there is always an effec-
tive radial scale ∆R(R) (which can be different at different
parts of accretion disc) where the initial perturbations are
correlated. Then the cross-correlation function can be ap-
proximated by the auto-correlation function of initial per-
turbations:
Ka(R
′, R′′|τ) ≈ Ka(R′, τ), if |R′ −R′′| < ∆R(R
′)
2
and
Ka(R
′, R′′|τ) = 0, if |R′ −R′′| > ∆R(R
′)
2
.
Then if ∆R(R′) R′, the auto-correlation function for the
mass accretion rate can be represented as follows:
Km˙(R, τ) =
Rout∫
Rin
dR′
(R′)2
∆R(R′)
+∞∫
−∞
dθ1
+∞∫
−∞
dθ2
×GM˙ (R,R′, θ1)GM˙ (R,R′, θ2)Ka(R′, τ − θ1 + θ2). (C5)
According to (C2) the power spectrum for the mass accretion
rate is
Sm˙(R, f) =
Rout∫
Rin
dR′
(R′)2
∆R(R′)
+∞∫
−∞
dθ1
+∞∫
−∞
dθ2
+∞∫
−∞
dz
×GM˙ (R,R′, θ1)GM˙ (R,R′, θ2)Ka(R′, z)e−2piif(z+θ1−θ2), (C6)
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where z = τ − θ1 + θ2. The integrals over z, θ1 and θ2
represent Fourier transformation and therefore
Sm˙(R, f) =
Rout∫
Rin
dR′
(R′)2
∆R(R′)GM˙ (R,R
′, f)G
∗
M˙ (R,R
′, f)Sa(R
′, f),
where GM˙ (R,R
′, f) is a Green function in frequency domain
and Sa(R, f) is PDS of initial perturbation of surface density
at given radius R. Finally we get:
Sm˙(R, f) =
Rout∫
Rin
dR′
(R′)2
∆R(R′)|GM˙ (R,R′, f)|2Sa(R′, f). (C7)
One can see that the results depends on the radial scale ∆R,
where the initial perturbations are correlated. This scale can
be different at different radii and contribution of initial per-
turbations at some regions can be reinforces if the radial
scale of correlation there is bigger then in other parts of
accretion disc.
In general case there are two terms in the rhs of equation
(24) for perturbations of the mass accretion rate. If the terms
are not correlated the resulting PDS is represented by sum
of PDS defined by first and second term. Let us consider
contribution of the second term in the rhs of (24):
m˙II(R, t) =
1
M˙0
Rout∫
Rin
dR′
R′
GM˙ (R,R
′, t)⊗t
[
a(R′, t)m˙(R′, t)
]
.
The auto-correlation function is given by
KIIm˙(R, τ) =
1
m˙2
Rout∫
Rin
dR′
R′
Rout∫
Rin
dR′′
R′′
+∞∫
−∞
dθ1
+∞∫
−∞
dθ2
×GM˙ (R,R′, θ1)GM˙ (R,R′′, θ2)Kam˙(R′, R′′|τ − θ1 + θ2)
If the product a(R, t)m˙(R, t) is correlated with itself only at
some radial scale ∆R, the cross-correlation function can be
replaced by auto-correlation function. If a(t) and m˙(t) are
not correlated, then the auto-correlation function of their
product is represented by
Kam˙(R, τ) = Ka(R, τ)Km˙(R, τ)
and we get
KIIm˙(R, τ) =
1
m˙2
Rout∫
Rin
dR′
(R′)2
∆R(R′)
+∞∫
−∞
dθ1
+∞∫
−∞
dθ2
×GM˙ (R,R′, θ1)GM˙ (R,R′, θ2)
×Ka(R′, τ − θ1 + θ2)KIIm˙(R′, τ − θ1 + θ2).
The corresponding PDS is
SIIm˙(R, f) =
1
m˙2
Rout∫
Rin
dR′
(R′)2
∆R(R′)
+∞∫
−∞
dθ1
+∞∫
−∞
dθ2
+∞∫
−∞
dz
×GM˙ (R,R′, θ1)GM˙ (R,R′, θ2)
×Ka(R′, z)KIIm˙(R′, z)e−2piif(z+θ1−θ2)
=
1
m˙2
Rout∫
Rin
dR′
(R′)2
∆R(R′)|GM˙ (R,R′, f)|2
×Sa(R′, f)⊗f SIIm˙(R′, f).
Finally, we get equation for PDS of mass accretion rate per-
turbations given by equation (24):
Sm˙(R, f) =
Rout∫
Rin
dR′
(R′)2
∆R(R′)|G(R,R′, f)|2
×Sa(R′, f)⊗f
[
δ(f) +
Sm˙(R
′, f)
M˙20
]
, (C8)
where the first and second terms under the integral describe
linear and non-linear contribution of initial fluctuations cor-
respondingly and Sa(R, f) represents PDS of initial pertur-
bations.
APPENDIX D: CROSS-SPECTRUM OF THE
MASS ACCRETION RATE
The cross-spectrum Cx,y(f) for given stochastic processes
x(t) and y(t) can be obtained from their cross-covariance
γx,y(τ) = 〈x(t+ τ)y(t)〉t
by using Fourier transform
Cx,y(f) =
+∞∫
−∞
dτ γx,y(τ)e
−2piifτ . (D1)
Let us denote the cross-covariace of the mass accretion
rate variability at radii R1 and R2 by γm˙(R1, R2 | τ). Let us
also assume first that the mass accretion rate variability is
defined by the first term of equation (24). Then
γm˙(R1, R2 | τ) = 〈m˙(R1, t+ τ)m˙(R2, t)〉t
=
Rout∫
Rin
dR′
R′
Rout∫
Rin
dR′′
R′′
+∞∫
−∞
dθ1
+∞∫
−∞
dθ2
×GM˙ (R1, R′, θ1)GM˙ (R2, R′′, θ2)
× 〈a(R′, τ + t− θ1)a(R′′, t− θ2)〉t
and therefore
γm˙(R1, R2 | τ) =
Rout∫
Rin
dR′
R′
Rout∫
Rin
dR′′
R′′
+∞∫
−∞
dθ1
+∞∫
−∞
dθ2
×GM˙ (R1, R′, θ1)GM˙ (R2, R′′, θ2)
×γa(R1, R2 | τ − θ1 + θ2), (D2)
where γa(R1, R2 | t) is cross-covariance of initial perturba-
tions at radii R1 and R2. According to (D1) the cross-
spectrum of mass accretion rate variability at radii R1 and
R2 is
Cm˙(R1, R2 | f) =
Rout∫
Rin
dR′
R′
Rout∫
Rin
dR′′
R′′
+∞∫
−∞
dθ1
+∞∫
−∞
dθ2
+∞∫
−∞
dz
×GM˙ (R1, R′, θ1)GM˙ (R2, R′′, θ2)
×γa(R1, R2 | z)e−2piif(z+θ1−θ2). (D3)
If the initial perturbations are correlated at radial scale ∆R
the cross-spectrum can be calculated as follows:
Cm˙(R1, R2 | f) =
Rout∫
Rin
dR′
(R′)2
∆R(R′)
×GM˙ (R1, R′, f)G
∗
M˙ (R2, R
′, f)Sa(R
′, f), (D4)
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where Sa(R, f) is PDS of initial perturbations at radius R
and ”∗” denotes complex conjugate.
In more general case, when the local mass accretion rate
is defined by non-linear term of equation (24) as well, the
cross-spectrum is given by
Cm˙(R1, R2 | f) =
Rout∫
Rin
dR′
(R′)2
∆R(R′)
×GM˙ (R1, R′, f)G
∗
M˙ (R2, R
′, f)
×Sa(R′, f)⊗f
[
δ(f) +
Sm˙(R
′, f)
M˙20
]
.
Now the cross-spectrum depends also on the PDS of local
variations of the mass accretion rate Sm˙(R, f), which has to
be found from non-linear equation (32).
APPENDIX E: POWER SPECTRUM AND
CROSS-SPECTRUM OF THE PHOTON FLUX
The power spectrum of X-ray flux at given energy band can
be obtained as a Fourier transform of corresponding auto-
correlation function. According to (36) the X-ray flux auto-
correlation function is
Kh(τ) =
〈 Rout∫
Rin
dR′
h(R′)
R′2
m˙(R′, t)
Rout∫
Rin
dR′′
h(R′′)
R′′2
m˙(R′′, t)
〉
t
.
This relation can be reduced to
Kh(τ) =
Rout∫
Rin
dR′
Rout∫
Rin
dR′′
h(R′)
R′2
h(R′′)
R′′2
Km˙(R
′, R′′ | τ).
(E1)
Fourier transform gives the flux power spectrum for given
energy band:
Sh(f) =
Rout∫
Rin
dR′
Rout∫
Rin
dR′′
h(R′)
R′2
h(R′′)
R′′2
Cm˙(R
′, R′′ | f). (E2)
One can see that Sh(f) ∈ R because Cm˙(R1, R2 | f) =
C∗m˙(R2, R1 | f). The cross-spectrum between two energy
band is obtained if one of the weighting functions is changed
(see equation (38)).
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